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GUILLAUME DREYER 

Abstract. For a closed surface S, the representation variety 
Honi(7ri(S'), PSL„(R)) admits preferred components, called the Hit- 
chin components, that generalize the Teichmiiller components of 
the case n = 2. For a homomorphism p : tti{S) — > PSL„(R) con- 
tained in a Hitchin component, we construct n continuous maps 
: C^{S) — >■ M, defined on the space of Holder geodesic currents 
C^(S'), such that for a closed curve 7 the eigenvalues of the matrix 
p{'y) are of the form ±exp£f(7). This generalizes to higher di- 
mensions Thurston's length function for the case n = 2. Identities 
and differentiability properties for these length functions and 
applications to eigenvalues estimates, are also considered. 

Let vri(S') be the fundamental group of a closed connected oriented 
surface S of genus g >2. We consider certain preferred components of 
the character variety 

Rep(7ri(5),PSL„(R)) = Hom(7ri(5), PSL„(R))//PSL„(R) 

identified by N. Hitchin [14J. 

When n = 2, a Teichmiiller representation r : 7ri(S') — ?■ PSL2(M) 
is an injective homomorphism with discrete image. W. Goldman [S] 
showed that Rep(7ri(S'), PSL2(M)) has ig — 3 components. The Te- 
ichmiiller representations occupy 2 of these components, and each of 
these Teichmiiller components is homeomorphic to M^^~^. 

When n > 3, a Fuchsian representation is a representation p : 
7ri(5') ^ PSL„(M) of the form 

p = L o r 

where r : 7ri(S') — ?■ PSL2(M) is a Teichmiiller representation and where 
i : PSL2(]R) — 7- PSL„(M) is the ra-dimensional irreducible represen- 
tation of PSL2(]R). A Hitchin representation is a homomorphism p : 
Tii{S) — )■ PSL„(M) that lies in the same component of Rep(7ri(S'), PSL„(M)) 
as some Fuchsian representations. 
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In his foundational paper [Tl], Hitchin proved that for n > 3 the 
character variety Rep(7ri(S'), PSL„(M)) has 3 components if n is odd, 
and 6 components if n is even. In addition, the Hitchin representa- 
tions form 1 or 2 components of Rep(7ri(5'), PSL„(M)) , according to 
whether n is odd or even, and these Hitchin components are all home- 
omorphic to R(2s-2){" Hitchin's proof is based on the theory of 
Higgs bundles. As observed by Hitchin in [13], this complex geomet- 
ric framework however offers no information on the geometry of the 
Hitchin representations. 

Labourie [151 [16j (see also [12]) developed a dynamical approach to 
Hitchin representations. In particular, he proved the following remark- 
able result. 

Theorem 1 (Labourie [15j). Let p : 7ri(S') — )■ PSL„(M) be a Hitchin 
representation. Then p is discrete and injective. In addition, the image 
pi^) G PSL„(M) of any non-trivial G 7ri(5') is diagonalizable, and its 
eigenvalues have distinct absolute values. 

Our main result uses Labourie's approach to extend to Hitchin rep- 
resentations the length functions that W. Thurston associated, when 
n = 2, with a Teichmiiller representation. 

More precisely, Thurston considers in [18j the space of measured lam- 
inations JVlC{S), which is a certain completion of the set of all isotopy 
classes of unoriented simple closed curves on S. He then associates 
with a Teichmiiller representation r G Rep('7ri(S'), PSL2(M)) a continu- 
ous homogeneous function r : M.C{S) — > M such that, for every simple 
closed curve 7 C S", 

r(7)=log|A(7)| 

where |A(7)| is the largest absolute value of the eigenvalues of r(7) G 
PSL2(M). More geometrically, r constitutes the monodromy i^i{S) — )■ 
PSL2(M) of a hyperbolic metric m on 5; the number is then half 
the length of the unique closed m-geodesic that is homotopic to 7. 

This length function r was later extended by F. Bonahon [TJ [2| to 
the space C{S) of measure geodesic currents, which is a completion 
of the set of all homotopy classes of closed curves on 5*. Bonahon 
later developed in [3] a differential calculus of measured laminations 
that is based on Holder geodesic currents, namely on transverse Holder 
distributions for the geodesic foliation of the unit tangent bundle T^S of 
S. He then obtained differentiability properties for Thurston's original 
function t : JVlC{S) — )• M by continuously extending t to the space 
C^{S) of Holder geodesic currents. 
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We generalize these constructions to Hitchin representations. Be- 
cause a matrix in PSL„(M) has n eigenvalues, we now have n length 
functions. 

Theorem [1] shows that, if p is a Hitchin representation and if 7 G 
7ri(S') is non-trivial, the eigenvalues Af(7) of p(7) G PSL„(M) can be 
indexed so that 

|A?(7)l>|A^(7)|>--->|Aa7)|. 

We will refer to Af(7) as the i-th eigenvalue of p{'y). 
The main result of this article is the following. 

Theorem 2. Let p G 'H(S') be a Hitchin representation and let C^{S) 
be the space of Holder geodesic currents on S. Then, for each i = 1,2, 
. . . , n, there exists a continuous linear function 

such that, for every oriented closed curve 7 C 5, ^f(7) = log |Af(7)|. 

Since p(7) G PSL„(]R), ^YTi=\^'^'^\K,{l)\ — 0- Likewise, as a conse- 
quence of our indexing conventions, we have Af(7~^) = 1/A(^_j_,_^(7), 
and thus log |Af (7~"'^)| = — log |A^_j_^]^(7)|. These two facts suggest 
some symetry properties for the length functions l\. 

Let R : T^S ^ T^S x^W he the involution defined by R{u) = -u, 
where u G T^S. For every current a G C^{S), R*a refers to as the 
pullback current of the current a under R. 

The length functions verify the following identities. 

Theorem 3. For every current a G C^{S), 

(1) Er=iA'(«) = 0; 

(2) £f(i?*a) = -Cm(«)- 

Our main motivation for defining length functions associated to a 
Hitchin representation is to construct a system of coordinates "a la 
Thurston" on the Hitchin component. Indeed, when n = 2, Thurston 
showed that the length function constitutes a full invariant of the 
Teichmiiller representation r, and used length functions to parametrize 
the Teichmiiller space. In [5J, Bonahon and the author propose a local 
parametrization of the Hitchin component combining Thurston's length 
coordinates and Fock-Goncharov's parametrizations of triplets of flags 
on the vertices of an ideal triangle; see [71 [16] . 

Finally, as a direct application of our work, and to illustrate the 
power of the famework of Holder geodesic currents, we prove the fol- 
lowing result. 
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Theorem 4. Let p : 7ri(S') — )■ PSL„(R) be a Hitchin representation, 
and let a, /3 E 7!'i{S). Then the ratio 

has a finite limit as k tends to oo. 

This limit is equal to e^*'*-"-' for some Holder geodesic current a = 

1. The eigenbundles of a Hitchin representation 

Our approach makes heavy use of the machinery developed by La- 
bourie in |15]. We begin by reviewing some of Labourie's construction. 

It is convenient to endow the surface with an arbitrary hyperbolic 
metric mo- This defines a geodesic flow {gt)tm on the unit tangent 
bundle T^S. 

Let p : vri(5') — PSL„(R) be a Hitchin representation, that lifts 
to a representation p : 7ri(S') — )■ SL„(M) (which is always possible). 
Consider the flat twisted bundle 

T^S XpW = T^S xW'/7Ti{S) 

where S is the universal cover of S and where the action of 7ri(S') is 
deflned by the property that 

7 ■ iu,v) = {-fu,p{-f)v). 

for every 7 G 7ri(5') and {u,v) G T^S x M". The geodesic flow {gt)tm 
of T^S lifts via the flat connection to a flow {Gt)teR on T^S Xp M". 

For every 7 G 7ri(S'), index the eigenvalues Aj(7) of p(7) as for The- 
orem El so that 

|Ai(7)| > |A2(7)| > •■■ > |A„(7)|. 

The key tool underlying Labourie's analysis is the following decom- 
position. 

Theorem 5 (Labourie [15j). The twisted bundle p : T^S x^M" -> T^S 
splits into a direct sum of n line sub-bundles Vi, V2, ■ . ■ , Vn such that: 

(1) Each bundle Vi is invariant under the flow {Gt)t<m lifting the 
geodesic flow {gt)tm ofT^S; 

(2) If u & T^S is fixed by gt : T^S — )■ T^S for some t, and if ■y E 
7ri(S') represents the corresponding closed orbit of the geodesic 
flow, then the lift Gt acts on the fibre p~^{u) by multiplication 
by 1/Aj(7) on the line Vi{u) C p^^{u); 
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(3) The fibre Vi{u) is a Holder continuous function of u ^ T^S in 
the following sense: if we lift the bundle Vi to a line sub-bundle 
Vi of the trivial bundle T^S x R" T^S, the map T^S ^ 
MP" which with u & T^S associates the line Vi{u) is Holder 
continuous. □ 

We can make the second property more precise as follows. Let (gt)tm 
be the lift of the geodesic flow on the universal cover 5*. Lift u G 
T^S to u & T^S; this determines an identification of the fibre p^^{u) 
with {u} X M". The choice of u also specifies in a unique way the 
element 7 G 7ri(S') by the property that gt{u) = •yu. Because of the 
fiat connection, the two lines Vi{u) and Vi{gt{u)) = Vi{'yu)= p{'y)Vi{u) 
identify with the same subspace of M". Therefore, via the identification 
p~^{u) = {u} X R" = R", the line Vi{u) corresponds to the eigenspace 
of p(7) associated with the i-th eigenvalue Af(7). 

An easy consequence of this observation is the following property, 
that we state as a lemma for future reference. 

Lemma 6. For u G T^S projecting to u E T^S, let Viiu) C {u\ x R" 
and Vj{—u) C {—u} x R" lift the lines Vi{u) and Vj{—u), respectively. 
Then these two lines Vi(u) and Vn-i+i{—u) are equal as subsets ofW^. 

Proof. When m is on a closed orbit of the geodesic flow, the property 
immediately follows from the condition (2) in Theorem \5[ and from 
our ordering conventions for the eigenvalues of ^(7) G SL„(R), when 
7 G 7^1(8). The general case follows from the latter since closed orbits 
are dense in T^S. □ 

The existence of a line sub-bundle decomposition as in Theorem [5] 
is a special case of the more general Anosov property introduced by 
Labourie for representations p : 7ri(5') — )■ PSL„,(R). Hitchin rep- 
resentations constitute a special type of Anosov representations; see 
[I51[T21[I3]. 

2. Length functions 

2.L Holder geodesic currents. Before constructing the length func- 
tions £f : C^{S) — 7- R, we need to remind the reader of the definition 
of Holder geodesic currents. See [21 El S] for details. 

In the following, even if it is not explicitly mentioned, closed curves 
are always supposed to be oriented. 

In a metric space (X, d), a Holder distribution a is a continuous linear 
functional on the space of Holder continuous functions : X — )■ M with 
compact support. A special case of Holder distributions are positive 
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Radon measures, which are hnear functionals on the space of continuous 
functions with compact support and associate a non-negative number 
with a non-negative function. 

The unit tangent bundle T^S* is a 3-dimensional manifold, and the 
orbits of the geodesic flow {gt)tm define a 1-dimensional foliation of 
T^M, called its geodesic foliation. It turns out that, whereas the geo- 
desic flow depends of the auxiliary metric m that we have chosen on S, 
the geodesic foliation does not. More precisely, if another negatively 
curved metric m' defines a geodesic foliation J-"', there is a homeomor- 
phism of T^S that sends J-' to J-''. In addition, this homeomorphism 
can be chosen to be isotopic to the identity, and Holder bi-continuous. 
We refer the reader to [6], [H HOl |TT] for further details. 

A Holder geodesic current a on S* is a transverse Holder distribution 
for the geodesic foliation J-". Namely, a assigns a Holder distribution 
ao on each surface D d T^S transverse to J-", and this assignment 
is invariant under restriction of D to a subsurface D' G D, and un- 
der homotopy of D to another transverse surface D" by a homotopy 
preserving J-". 

When the Holder distribution is actually a measure for every 
transverse surface D, the corresponding Holder geodesic current is a 
measure geodesic current. Let C^{S) and C{S) denote the space of 
Holder geodesic currents and the space of measure geodesic currents, 
respectively. Note that C^{S) is a (real) vector space and C{S) is stable 
under positive scalar multiplication. 

The space C^{S) is endowed with the weak-* topology, which is the 
weakest topology for which the functions a h- )■ oi{(p), as (p ranges over all 
Holder continuous functions with compact support defined on a surface 
D transverse to J-", are continuous. 

A typical example of measure geodesic current is provided by a closed 
curve 7 C 5*. Let > be the largest integer such that 7 is homotopic 
to a fc-multiple 7^ of a closed curve 71. The homotopically primitive 
curve 7i is then homotopic to a unique closed m-geodesic, which itself 
corresponds to a closed orbit of the geodesic flow or, equivalently, to a 
closed leaf 7^^ of the geodesic foliation F. We can then associate with 71 
the transverse 1-weighted Dirac measure for J-" deflned by this closed 
orbit, which with a surface D transverse to J-" associates the counting 
measure at the points D □7^'. Finally, we associate with 7 /c-times the 
transverse 1-weighted Dirac measure deflned by 71. 

In this way, we have an embedding 



{oriented closed curves in S'}/homotopy C C{S) C C {S). 
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The positive real multiples of homotopy classes of closed curves are 
dense in C{S). The space AiC{S) of measured laminations can be 
defined [H [2] as the closure in C(S') of the set of positive real multiples 
of homotopy classes of simple closed curves in S. 

2.2. Lengths of closed curves. Let p : 7ri(S') — )■ PSL„(M) be a 
Hitchin representation. For a non-trivial 7 G vri(S'), Theorem [T] shows 
that the eigenvalues Af (7) of the matrix p{'~f) are real and can be in- 
dexed so that 

|A?(7)l>|A^(7)|>--->|Ai:(7)|. 

Set -^f (7) = log |Af(7)|. Note that Af(7) and ^^(7) depend only on the 
conjugacy class of 7 G vri(S'), and therefore depend only on the free 
homotopy class of the closed curve 7 C S". 
This defines a n maps 

£f : {oriented closed curves in Sj/homotopy — ?■ M. 

However, these length functions are not very convenient, since there 
are defined on a space which does not carry any interesting structure. 
We will extend these lengths functions to continuous linear functions 

£f : C^{S) R. 

Besides being continuous and defined on a much more suitable space, 
the length functions £f will also carry much more intrinsic information 
about the associated representation p. 

Note that the restrictions £f : C{S) — > M are positively homogeneous, 
in the sense that ^f(ca) = c£f(a) for every c G M"*" and a G C{S). 
As a result, since positive real multiples of closed curves are dense in 
the space C{S) of measure geodesic currents, the restriction of this 
continuous extension to C{S) is unique. The same property holds in 
the closure of the linear span of C{S) in C^[S), which contains all the 
Holder geodesic currents that have arisen in geometric applications so 
far. 

2.3. The lengths of Holder geodesic currents. We now introduce 
our construction of the length £f (a) of a Holder geodesic current a. In 
order to do so, for every i, we first define a 1-form Ui along the leaves 
of the geodesic foliation J^. 

For a lifted Hitchin representation p : 7ri(5') — t- SL,„(M), consider the 
twisted bundle 

T^S XpW' = T^S xWym{S) 

as in ^ Let Vi, V2, . . . , Vn be the line sub- bundles provided by 
Theorem [51 
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Endow the fibres of tlie vector bundle p : T^S* Xp M" — )• T^S witfi 
a Riemannian metric || ||. In particular, the norm || ||^ that it induces 
on the fibre p~^{u) depends differentiably on m G T^S. 

Let L be a leaf of the geodesic foliation J-". We define a differential 
form Ui along L as follows. 

Pick a point uq & L G T^S and a vector Xi in the fibre Vi{uo) of the 
line bundle Vi above uq. Consider the geodesic flow {gt)tm of T^S and 
its lift {G t)teR on the fiat bundles T^S x^R"". We can define a function 
fuo,Xi on a neighborhood / of Uq in the leaf L by the property that 

fuo,X,{gt{Uo)) = log||Gt(X,;)||g^(„^) 

for every t in a neighborhood of in M. Defined as above, it is clearly 
that the function fuo.Xi is smooth along the leaf L. Then set 

= -dfuo,Xi 

on the same neighborhood / of Uq in the leaf L. 

Lemma 7. The 1-form uji does not depend on the choice of the point 
Uq & I and of the vector Xi G Vi{uo). 

Proof. Since the fibre Vi{uo) has dimension 1, any other choice X- for 
Xi is of the form X- = cXi for some c G M. Then 

fuo,X'^ = fuo,X, +log|c| 

and dfuo x' = dfuo,Xi- This proves the independence of Ui on the choice 
ofXi. 

Choose another point u'q = gto{uo) G /, and the vector X^ = Gt^{Xi) 
in the fibre of Vi{uQ). Then the functions 

fu'g,Xl = fuo,X, 

coincide on / because Gt{Xl) = Gt+toi^i): and in particular have the 
same differential cuj. □ 

By Lemma [TJ it follows that Ui is a well-defined differential 1-form 
Ui along the leaves of J-". Let us also make the following observation 
regarding the global regularity of the cuj. 

Lemma 8. The 1-form uji is smooth along the leaves of the geodesic 
foliation T , and is transver sally Holder continuous. 

Proof. This is an immediate consequence of the regularity condition 
(3) in Theorem O □ 

We now use this differential form Ui to define the length £f (a) of a 
Holder geodesic current a G C^{S). 
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Since S is compact, we can cover T^S by a finite family {plj}j=i,...-m 
of foliated open subsets Uj. By foliated, we mean that there exists a 
diffeomorphism Uj = Dj x (0, 1) where Dj is an open subset of and 
where, for every x G Dj, {x} x (0, 1) corresponds to a plaque, namely 
an arc in a leaf of J-". 

Let {^j}j=i,...,m be a partition of unity subordinate to the open cov- 
ering {Uj}j=i^,„^rn- We can then integrate the differential form ^jUi over 
the leaves of Uj , and define a function hj : — > R by 



hj{x) = / ^jUJi. 

J{x}x(0,l) 

The Holder geodesic current a induces a Holder distribution on Dj, 
that we shall still denote by a. The above function hj : Dj ^ M. is 
Holder continuous with compact support by Lemma [H Let us denote 
the evaluation of a at the function hj by 



a{hj) = / ^jUi da 

where the integral notation is suggested by the case where a is a trans- 
verse measure for J-". 
Finally, define 

£f (a) = / coida = / ^jCOi da. 
JtiS j^i Juj 

By the usual linearity arguments, (a) is independent of the choice 
of the open cover {Wj}j=i,...,m and of the partition of unity {^j}j^i^ jn. 

Lemma 9. The length function £f (a) is independent of the choice of 
the Riemannian metric || || on T^S XpM". 

Proof. Let || ||' be another Riemannian metric on T^S Xp M", defining 
another 1-form along the leaves of the geodesic foliation J-". Then, 
there exists a positive different iable function f : T^S ^ such that 
||Xj|| = f{u) \\Xi\\' for every Xj G Vi{u), so that 



u'i = Ui-d\ogf 



on each leaf L of J-". 
As a consequence. 



cUj (ia = / Uida— dlogfda. 

TiS JtiS J TiS 
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Note that rflog / = YlJ=i log /) since Yl%i = 1 and Yl]li d^j = 
0. Therefore, 

/ d\ogfda = y2 log f)da = 

by Stokes's. This proves that Jr^^^u[da = /^^^ (ia as requested. □ 

Remark 10. Note that the proof of Lemma [9] does not use the full 
regularity of the Riemannian metric || ||. It holds under the weaker 
assumption that the Riemannian metric is smooth along the leaves of 
the geodesic flow and Holder continuous transversally for that flow. See 
the proof of Proposition [I3] below. 

We now have a well-defined function 

£f : C^{S) R. 

Proposition 11. The function £f : C^{S) R is linear and continu- 
ous. Its restriction : C{S) — )• M «s positively homogeneous. 

Proof. By construction, ^^{a) = YlJLi<^{hj)- The linearity and homo- 
geneity is immediate, and the continuity follows from the definition of 
the weak-* topology of C^{S). □ 

To conclude the proof of Theorem [21 we need to connect these func- 
tions to the length functions for closed curves discussed in §2.21 

We saw in §2. II that a closed curve 7 C S' defines a measure geodesic 
current 7 G C{S) C C^{S). It also determines an element 7 G 7ri(S') up 
to conjugacy, so that the i-th eigenvalue Af (7) of p(7) is well-defined. 

Proposition 12. For every closed curve 7 C 5, 

^f(7)=log|Af(7)| 

where i'f (7) is the image of the geodesic current 7 G C^{S) under the 
map £f : C^{S) — )■ M and where Af(7) is the i-th eigenvalue of pi^j). 

Proof. We need to return to the definition of 7 G C^{S). 

By homogeneity of the function i^, we can restrict attention to the 
case where the closed curve 7 is homotopically primitive, namely is not 
homotopic to a multiple 7^ of a closed curve 71 with k > 2. Thus 7 
determines a simple closed m-geodesic of S, and a closed leaf 7* of 
the geodesic foliation J-". We then identify 7 with the geodesic current 
7 G C^{S) is the transverse 1-weighted Dirac measure defined by this 
leaf 7* (see ^2J\\ . 
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By definition of the map £f : C^{S) M, 




To compute this integral, pick a point Mq G 7* C T^S' and a non-zero 
vector Xi G Vi('Uo) in the fibre of the fine bundle V^. By definition of 
the 1-form Ui, 

[ 00,= [ -rflog||Gi(X,)|| =log||G'o(X,)|| -logllGi^TOll 

where t-y denotes the necessary time to go around 7* by the geodesic 
flow, namely where is the smallest t > such that gt{uo) = Uq. 

By the condition (2) of Theorem [5], Gt^{Xi) = l/Af(7)Xj, whereas 
Go{Xi) = Xi since {Gt)teR is a flow. The result immediately follows. 

□ 

2.4. Properties of length functions. We now prove the different 
properties stated in Theorem [31 

Proposition 13. For every a G C^{S), 

n 
i=l 

Proof. Endow each fibre {u} x of the trivial bundle T^S* x M" with 
the canonical volume form a = dxi A dx2 A ... A dxn of M". Recall 
that 7ri(S') acts on T-^S* x R" via the diagonal action. Since each p{^) 
is in SL„(M), the form a is invariant under the action of 7ri(5'). In 
addition, the lift Gt of the geodesic fiow acts trivially on the factor 
of T^S X M", and consequently preserves a. As a result, a descends 
to a well-defined G^-invariant volume form on the fibres of the bundle 

The construction of the length functions £f uses a Riemannian metric 
II II on the fibres of the bundle T^S Xp M". Without loss of generality, 
we can arrange that the sub-bundles Vi are orthogonal for || jj, and that 
the volume form of g coincides with the volume form a. Observe that 
as a consequence of the regularity of the line bundles Vi, the latter Rie- 
mannian metric || || is smooth along the leaves of the geodesic foliation 
J-', and is transversally Holder continuous; see Remark [TOl 
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By definition of tlie cjj, for an arbitrary clioice of vectors Xi{uo) G 



=1 




9s (no) , 



\i=l 

= ^log(a„o(Xi(Mo),X2(Mo), . . . ,X„(mo))) 
= 

at the point gs{u). By integration, it follows that J27=i^ii'^) ~ ^ 
every a e C^ls). □ 

The unit tangent space T^S comes with a natural involution R : 
T^S T^S Xp W, which to m G T^S associates R{u) = -u. In 
particular, R respects the geodesic foliation T and induces an invo- 
lution i?* : C^{S) C^(5) which with a G C^{S) associates R*a. 
R*a denotes the puUback current of the current a under R, namely, if 

: D — )■ M is Holder continuous with compact support defined on a 
transverse surface D C T^S, then R*a{ip) = a{ip o R). 

Proposition 14. For every a G C^{S), 

Proof. The involution R acts freely on the unit tangent bundle T^S 
with quotient T^S = T^S/R. As a result, it also acts freely on the 
bundle T^S Xp M" with quotient a bundle T^S XpM."-. If we construct 
the Riemannian metric || || on T^SXpMJ^ by lifting a Riemannian metric 

on T^S Xp M", we can therefore arrange that the Riemannian metric 
II II is invariant under the involution R. 

On the other hand, by definition of R, GtoR = RoG-f In particular, 
R sends the sub-bundle Vi to Vn-i+i by Lemma O It immediately 
follows that R*{uJi) = —Un-i+i- 

By integration, this proves that i'^{R*a) = —i^-i+ii^^) every 
aeC^iS). □ 

3. An application 



The analytical framework of Holder geodesic currents can be used 
to obtain first order estimates. Bonahon developed in [1] a differential 



LENGTH FUNCTIONS FOR HITCHIN REPRESENTATIONS 



13 




calculus for measured geodesic laminations on a surface S based on 
Holder geodesic currents. The extension of the length functions £f to 
Holder geodesic currents provides regularity properties for these func- 
tions. As an application of this property, we now prove the following 
asymptotic identity. 

Theorem 15. Let p : 7ri(S') — )■ PSL„(R) be a Hitchin representation, 
and let a, /3 E 7ii{S). Then the ratio 

has a finite limit as m tends to oo. 

Proof. Without loss of generality, we can assume that a is primitive in 
7ri(S'). As explained in §2.H identify the closed curves a and a™/? with 
the corresponding closed orbits of the geodesic flow. Endowing these 
closed orbits with the transverse Dirac measures that they define, we 
can therefore also consider a and a^fi as geodesic currents. 

For m large enough, the closed orbit a^P is made up of one piece 
of uniformly bounded length, and of another piece that wraps m times 
around a. As m tends to oo, this closed orbit converges to the union 
of the closed orbit a and of an infinite orbit a°°P of the geodesic flow 
whose two ends spiral around a. Figure 1 shows the situation on the 
surface S. 

More precisely, let D G T^S he a small surface transverse to the 
geodesic foliation that intersects the closed orbit a in one point x^, 
as shown on Figure 2. The infinite orbit a°°P intersects D in two 
sequences of points xf, x^, . . . and j/f^, y^, . . . , in such a way that 




D 




Figure 2. 



xf^, x^, . . . converges in this order towards one end of a°°(3^ and |/^, 
7/^, . . . converges in this order towards the other end. Puthermore, 
the two sequences x^, x^, . . . and yf^, . . . both converge to the 
point x^. 

Then 0^(3 intersects D in points x™, a;^, . . . , a;^, 7/^, 7/^, . . . , yY^ 
(see Figure 2), in such a way that, as m tends to oo, each converges 
to x'^ ,and each yj" converges to In addition, the total number 
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km + Im of points is of the order of m and, more precisely, the difference 
^ — (^m + ^m) is equal to a constant cd for m large enough. 
As a consequence, if (y9 is a continuous function defined on D, 

hm - «(^) = hm _ ^(xf) + ^(yf ) 

m— >oo 777, m— i>oo 777 \ ^ ^ 

\i=l j=l 



(fcm + lm + CD)^ix'^) 



0. 



If, in addition, ip is Holder continuous, the estimate can be improved 
because the techniques of [3j can be used to show that the limit 

hin {a^P-ma){^)= lim Y,{^{xT) - ^{x^)) 



m—^+oo m— >+oo • 



J2iv{xr) - v{x^)) 



i=l 



- CD<p{xl 



exists and is finite. 

In other words, the above calculation shows that there exists a limit 



lim a^P — ma = a 



m 

C 



in the space C^{S) of Holder geodesic currents. The limit geodesic 
current a is supported on the union of the closed orbit a and of the 
infinite orbit a°°P, whose two ends spiral around a. 
By linearity and continuity of the length functions £f , 

lim £f (a"*/?) - m£f (a) 



m—^oo 
OP I 



exists and is equal to £f(a;). Taking the exponential on both sides, we 
conclude that 
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converges to e^^"*^"-*, which proves the desired result. 

□ 

We close this section with one last observation. 

- a 

a = lim a /3 — ma = lim — 

m— >oo m— >oo — 

m 

is very reminiscent of the expression of a derivative. In fact, there 
exists a 1-parameter family of geodesic currents at G C^{S), t G [0,£:], 
such that ao = a, a± = ^a'^f3, and ^0^1^=0 = other words, 

the distribution a must be understood as a tangent vector at the point 
a, and the above estimate appears as a direct consequence of the first 
order expansion 

where ^^p(ttt)|^_Q = ^p(a) by the previous facts. This should be com- 
pared with the differentiability property of the length function when 
n = 2 developed in [3]. 
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